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CONG THUC ITO VA MOQT VAI Vi DU MINH HQA CACH TIiNH

Nguyén Thanh Tam?

TOM TAT

Bai viét phan tich, nghién citu cong thize 116 trurong hop mét chiéu va cong thuic
Itd tong quat, Vi cac vi du chi tiér 16 rang tiwong 1mg véi ting cong thirc. Cac vi du
cu thé vé cong thic 1td sé ¢ ich cho viéc tiép cdn gidi tich ngdu nhién, tir @6 cé thé di
sau nghién cizu hon vé vi tich phan ngdu nhién.

Tir khoa: 1td, vi phan, tich phan, qua trinh ngdu nhién

1. Mé dau

Vi tich phén Itd 1a mét trong nhitng
khai niém quan trong cua giai tich ngau
nhién, di c6 rat nhiéu nghién ctu ti ly
thuyét d¢én ng dung vé nd. Cong thac
1t6 12 nén tang co ban dé nghién ciru sau
hon vé giai tich ngau nhién, bai viét
nham phan tich cac vi du chi tiét cong
thuc Itd theo hudng dé tiép can vai hy
vong tao thém ngudn tai liéu tham khao
cho nhitng sinh vién quan tam dén giai
tich ngau nhién. Pham vi bai viét dé cap
cdng thac 1td mot chiéu va cong thuac
Itd tong quat cung vai cac vi du minh
hoa cho céac cong thuc sé gidp cho viéc
tiép can qua trinh 1t6 dé dang hon, tir d6
khai thac sau hon nita tng dung vi tich
phan It6.

2. Noi dung va phwong phap
nghién cau
2.1. Quatrinh 1t

Xét trén khong gian xac suat duoc
loc (F,{F}

qua  trinh

tzO’P)’ ta xac dinh mot

Wiener  m-chiéu

ITryong Cao ding Cong ddng Dong Thap
Email: nttam@dtcc.edu.vn

W, = WLW2 L W W i=1,2,...,m la

cac qua trinh Wiener doc 1ap nhau) [1].
Cac quatrinh F/,G! la cac qua trinh
F do duoc dan va thoéa diéu kién:
t -
JIF
0

ds < oo; (G! )2 ds < oo

o'.—.;—»

h.c.c YVt <oo; Vi, j 1)
(h.c.c: Hau chdc chdn)
Néu cac qua trinh x?, x2,.., x" 1a

F- thich nghi va théa hé¢ thuc:

t m t - )
X/ =X;+[Flds+> [Gldw) (2
0 i=lo
Khi d6 tandi X, = (X}, X2,..., X")"'

la qua trinh 1td n — chiéu.

Ta c6 thé viét qua trinh 1td & dang
ma tran la:

t t
X, =X, + [ F.ds+[G,dw, 3)
0 0

Hoac viét dudi dang vi phan It6 1a:
dX, = Fdt+Gdw, )

V6i
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aw;!

Fr dw"

2.2. Cong thare Ité trwong hep met
chiéu va cac vi du minh hea

2.2.1. Céng thirc 16 truong hop mot
chieu

Cho X,

phan ngau nhién 1t6 dang:

la mot qué trinh 1td c6 vi

dX, = a(t, w)dt + S(t, @)dW,

Giast o(t,x): R? —» Rla ham mot
lan kha vi lién tuc theo bién thi nhat t,
hai lan kha vi lién tuc theo bién thir hai
X. Khi d qua trinh ngau nhién
K, =o(t, X,)cé vi phan 1td tinh theo

cong thirc sau:
dK, =a—<”(t, Xt)dt+2—(p(t, X)X,
X

1 0% ©)

2T LX) ()t

Hay viét theo cach khac 1a:

dK, :[a—(o(t, Xt)+a(t,a))a—¢)('[, X,
OX

152
2a_(t X B,

+ Bt ) ‘2(/’ (t, X )dW,

o)]dt (6)

Cong thire It6 cho trueong hop nay con
c6 thé viét & dang tich phan nhu sau [2]:

96

t t
K, =K, +jz—i’(s, xs)ds+jg—f(s, X, )dX,

f f

1:6%
+§ja7(s, X,)B(t,w)ds

5

2.2.2. Vi du minh hoa

a) Xét qua trinh ngau nhién

K, =tW,". Ap dung cong thuc Itd tim
dK, ?
K =tW"=a(t,0)=0,4(t,0)=1

Ta xét o(t, x) =tx"

6—(p(t, X) = X”;Z—(”(t, X) = ntx"™;
X

2
0 qo(t X) = n(n—1)tx"?

Ap dung cong thuc 1t6 (5) ta duoc:

dK, =d(tW,") =W,"dt + ntw,"*dW,

+ % n(n—1)tw,"*dt

b) Xét qua trinh ngau nhién
W

t

1+t

t
Tim dY,?

Ta xét o(t,x) = —
o(t.x) 1+t

Ta co:
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o 5 1
Dt =-—— Lt =—;
ot (1+t)° ox 1+t
%

—(t,x)=0

5X2( )

Ap dung cong thirc 1t6 (5) ta duoc:

o(72e)
1+t

Wt
(1+1)

Yt
1+t

1
1+t

dw,

t

d(Y,)

5 dt+

dt+idWt
1+t

2.3. Cong thac 1td téng quét va cac
vi du minh hga

2.3.1. Cong thic 1t6 tong quat

Cho X,la m¢t qua trinh It6 thoa
phuong trinh vi phan ngiu nhién (4)
dX, = Fdt+G,dW,.u:[0,0)xR" >R 14
mot ham thoa u(t, x) hai lan kha vi lién
tuc theo x, mot 1an kha vi lién tuc theo
t, va xac dinh ham u(t,X,). Khi d6

u(t, X,) 1a mot qua trinh 1td thoa:
u(t, Xt) = u(tO’ Xto)
m t

+Zn:ZIui (s, X, )GXdw*

i=1 k=lt0

t n 7
UGS X))+ u(s X )R, "

Y S (s, X.)G*G*}ds
ZZ ij s s s

i,j=1k=1

1
+_
2

97

Trong do6 u'(t,x)

ou .
—(t, X va
p (t,x)
ui(t,x)=%(t,x).

Pé giam bét do6 phic tap cua tinh
toan, ta viét lai céng thuc Itd dang vi
phan It6 nhu sau [2], [3]:

du(t, X,) =u'(t, X,)dt +a(t, X,) dX,

1 2 . ©
+ETr [6 u(t, X,)dx, (dx.) ]

Trong d6: Tr(A): Vét ciia ma tran A;
(dX,)” ma tran chuyén vi caa dX, .
Véi:
ou(t,x) 1a vecto cot véi cac phan tir
u (t, x).
o%u(t,x) 1a ma tran voi cac phan tir
uj (t, %) .
dX{dX; duoc tinh nhu sau:
dt.dt = dw,'.dt = dt.dw,' =0,
dw,'.dw,’ = 5,dt
(8, =1 khii=j; & =0khi i#])
2.3.2. Vi du minh hoa
a) Cho X,,Y, lahai qua trinh It6 mot
chiéu. Xem u(t,z)=u(t,x,y) =xy. Khi

d6 U 1a ham hai 1an kha vi lién tuc theo
X, y . Cong thic Itd dugc viét 1a:
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m ot
XY =X Y, + 2 [ (XGX+Y,G)dw/

k=1 t

t m
+j(x5|:§ +Y,F? +ZG§kG§k}is
t k=1

Viét dang cong thirc vi phan cua tich
la: d(X,Y,) = X,dY, +Y,dX, +dXdY,
bac biét khi X,,Y, la cac qua trinh co
vi phan ngau nhién tuong tng la:
dX, = et (t, X )dt+ B, (t, X, )dW,
dY, = a, (t, X, )dt + 4, (t, X, )W,
Khi d6 ta sé co0:

d(X,Y,) = X,dY, +Y,dX, + B,B,dt

Chang minh:
Xét u(t,z)=u(t,x,y)=xy véi z=(x,Y)
, ou ou
u't,z)= at(t ,2)=0 ul(t,z):&(t,z):y
au .
U, (t,2) =—(t,2) =X autZ) =(Y, X,)
oy
ou(t,z)dz, =(Y, X aX,
15t t_(t t) dYt
=Y,dX, + X,dY,
) (01
au(t,Zt)—[1 OJ
o%u(t, z,)dz, (dz,)
:[o 1j(dx‘](dxt )
1 0)ldy,
:[d\(tj(dxI av)- dXtdY; (dY,)
dX, (dX,)" dXx.dY,

98

:>Tr(62u(t, z,)dz (dz, )*) = 2dX.dY,
Thé tat ca vao cong thirc (8) ta duoc:
d(X.,Y,)=u'(t,z)dt+aou(t, z,)dz,
+%Tr(62u(t, Z,)dz (dz,)")
=Y,dX, + X, dY, +dX,dY,
Véi
X, = a,(t, X,)dt + B,(t, X, )dW,

dY, =, (t, X,)dt + B, (t, X )dW,

= dX,dY, = ez, (dt)” + o, B,dtdW,
+Ba,dW dt + B B,dW,dW, = 3 B,dt
Vay d(X.Y)=XdY, +YdX, + BBt

b) Cho X.,Y, la hai qué trinh It6 mot

chiéu va Y, %0, xem

u(t,z):u(t,x,y)zﬁ;y;to. Khi d6 u
y

1a ham hai 1an kha vi lién tuc theo X,y .

Cong thirc Ito dugc viét 1a:

( le Y 2k j dW k
o Gi“Gfk ]}ds

Viét lai cong thic vi phan cua

m t

)
+Z(Y3 GSZkGZk

thuong la:
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d[ 2ol Lax, - Zegy - Laxay,
Y)Y, Y, %

X
+Y_3t(dY‘)

t

bac bi¢t khi X,,Y, la cac qua trinh

¢6 vi phan ngau nhién twong tng la:

dX, = e (t, X, )dt + B, (t, X, )dW,;
dY, = a, (t, X, )dt + £, (t, X,)dW,

Khi d6 ta sé co:

ﬂl t
d[ R pt

(Y. #0)

L _ Ytdxl — deYt + ﬂZXl
YI le t

Chang minh:

y#0,

Xét u(t,x)=u(t,x,y)=—

Vi z=(X,Y).

u'(t,z):%u(t,z):o

ou 1
ut2)=7 =7

uz(t,z)%(t,z):—%

au(t,2)" :G —%j

au(t,z )*dz

:_d _Ld

2

99

ou(t,z,) = !

_ Y2 |(ax,
dy,

j(dxt dy,)

‘ (olxt dy,)

= Tr(0%u(t,Z,)dZ,(dz,)")
= —Y—szxtdvt 2X,

t t

(v

Thé tat ca vao cong thic 1t (8) ta
duoc:

d(u(t,Zt))zd(éJ

t

=u't,Z,)+0o(t,Z,) dz,

1 .
+§Tr(82u(t,2t)dzt(dzt) )

1

~ L Xeav - L axay, + Ze(ay,y
Yt YI t Yt
Voi:

dX, = g (t, X )t + 4, (t, X, )dW,;
dY, = o (t, X )t + B, (t, X, )dW,

= dX Y, = oy, (dt)’ +a, B,0tdW,
+B0,dW,dt + B, B,dW,dW, = B B,dt
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Va
(dY,) = a? ()’ + 20, ,dtdW,
B (dW,) = pldt

Vay:
o %)= Lax Xy
Yt Yt Yt

1 X
_Y_tzﬂlﬂzdt + ?ﬂ;dt

— Ytdxt — XtdYt + ﬁzxt _ﬂlYt
% Y2

t

fdt

Giai tich It6 trong d6 dac biét 1a cong
thire 1t6 c6 y nghia va (rng dung cao trong
linh vuc kinh té, dac biét 1a linh vuc tai
chinh, theo di, phan tich sy thay doi cua
gia ca, thi truong ching khoan. Gia co
phiéu va céc tai san chinh giao dich khéac
c6 thé mo hinh héa bang cac qua trinh
ngau nhién. Cong thac Itd, tich phan
ngau nhién It6 dai dién cho loi nhuan cua
chién lugc giao dich thoi gian lién tuc.
Qua phan tich ta s& nim duoc qué trinh
H, tai thoi diém t (qua trinh tich phan),

tir d6 theo ddi thong tin va su bién dong

cua H, dé dua ra cac quyét dinh. Viéc
phan tich sau hon vé cac ung dung vé giai
tich 1td6 sé dugc nghién ctru thém & cac
bai nghién ctru sau.

3. Két luan

Ly thuyét vé qué trinh ngau nhién
dong vai tro rit quan trong trong chuong
trinh xac suat théng ke, vi tich phan 1to
la khai niém nén tang dé di sau nghién
ctru giai tich ngau nhién. Nghién cau va
phan tich k§ vé qua trinh Itd, cong thirc
It6 trudng hop mot chiéu va tong quét s&
tao nén tang co ban dé tién dén phan tich
sau hon vé khai trién Itd-Taylor, tir d6
xay dung cac phuong phap s6 dé giai cac
phuong trinh vi phan ngau nhién. Véi
viéc phan tich chi tiét vi du tinh theo cong
thirc It6, tac gia bai bao hy vong s& bd
sung mot phan nho vao dé tai nghién cau
toan tng dung, gép phan lam phong phu
thém nguon tham khao vé cong thirc It6,
gilp cho viéc tiép can giai tich ngau
nhién dé dang hon.
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ITO FORMULA AND EXAMPLES OF CALCULATION
ABSTRACT

The paper analyzes and studies the one-dimensional case and the General Ito
formula, with examples that correspond to each formula. Specific examples of the Ito
formula will be useful for accessing random arithmetic, from there, we can go deeper
into the study of random integrals.

Keywords: Ito, differential, integral, random process

(Received: 27/1/2021, Revised: 16/6/2022, Accepted for publication: 31/8/2022)

101



